ABSTRACT. Let p be a prime greater than 3. Consider the modular curve X 0 (3p) over Q and its Jacobian variety J 0 (3p) over Q. Let T (3p) and C(3p) be the group of rational torsion points on J 0 (3p) and the cuspidal group of J 0 (3p), respectively. We prove that the 3-primary subgroups of T (3p) and C(3p) coincide unless p ≡ 1 (mod 9) and 3 p−1 3 ≡ 1 (mod p).
INTRODUCTION
Let N be a square-free integer. Consider the modular curve X 0 (N) and its Jacobian variety J 0 (N) = Pic 0 (X 0 (N)). Let T (N) denote the group of rational torsion points on J 0 (N) and let C(N) denote the cuspidal group of J 0 (N). By Manin and Drinfeld [Dri73, Man72] , we have C(N) ⊆ T (N) and they are both finite abelian groups.
When N is prime, Ogg conjectured that T (N) = C(N) 
Finally, he proved that
In this paper, we discuss the case where N = pq for two distinct primes p and q. In contrast to the discussion above, we use T(pq) instead of T(pq) ′ and hence the corresponding decomposition of T(pq)/I 0 as above does not always exist. (However, other computations are relatively easier than the method by Ohta.) When ℓ satisfies some conditions, we get the similar decomposition of the quotient ring T(pq)/I 0 and we can prove the following.
one of the following holds:
(1) p ≥ 5 and
(2) p = 3 and    either q ≡ 1 (mod 9) or q ≡ 1 (mod 9) and 3 q−1
Note that most cases are special ones of Theorem 1. 
1.1. Notation. For x = a/b ∈ Q, we denote by num(x) the numerator of x, i.e.,
.
From now on, we denote by ℓ α := ℓ α(p, q, ℓ) (resp. ℓ β := ℓ β(p, q, ℓ) ) the exact power of ℓ dividing
EISENSTEIN IDEALS OF LEVEL pq
Throughout this section, we fix distinct primes p and q; and ℓ denotes a prime not dividing 2pq(q − 1). Let T := T(pq) and T ℓ := T(pq) ⊗ Z Z ℓ . We say an ideal of T
Eisenstein if it contains
I 0 := (T r − r − 1 : for primes r ∤ pq).
Definition 2.1. We define Eisenstein ideals as follows: Since T ℓ is a semi-local ring, we have
Using the above description of Eisenstein maximal ideals, we prove the following:
This theorem is crucial to deduce our main theorem. In general, the author expects that T ℓ /I 0 should be isomorphic to
Before proving the theorem above, we need several lemmas.
Proof. Since q ≡ 1 (mod ℓ), any maximal ideal containing I 0 cannot be p-old. Therefore
, the result follows. ) up to powers of 2 and hence p ≡ 1 (mod ℓ).
Assume that p ≡ 1 (mod ℓ). Let α be the number in §1.1. Since ℓ does not divide Lemma 2.5.
Proof. We closely follow the argument in [Maz77, §II. 5].
Let f (z) := ∑ n≥1 (T n mod I)x n be a cusp form of weight 2 and level pq over T ℓ /I, where x = e 2πiz . 
CASE WHERE ℓ DOES NOT DIVIDE pq
From now on, let C := C(pq) and T := T (pq) be the cuspidal group of J 0 (pq) and the group of rational torsion points on J 0 (pq), respectively. For a prime r and a finite abelian group A, we denote by A[r ∞ ] the r-primary subgroup of A. In this section, we prove the following theorem.
Before proving this theorem, we introduce some cuspidal divisors.
Let P n be the cusp of X 0 (pq) corresponding to 1/n ∈ P 1 (Q). Let C p := P 1 − P p and 
Proof. We divide the problem into three cases.
(1) Suppose that q ≡ 1 (mod P) and q ≡ 1 (mod p). This happens when ℓ = p = 
